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ABSTRACT 

Angular distribution of a secondary particle from top-quark decays is studied 
in a simple and general manner, paying careful attention to how relevant the top- 
quark production mechanism is. The conditions that lead to the distribution free 
from any possible anomalous top-quark decay interactions are specified. Some ap- 
proximations adopted in earlier papers are relaxed and their relevance is discussed. 
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Top-quark interactions could provide relevant information on physics beyond 
the Standard Model (SM) because of its huge mass. For instance the top-quark 
Yukawa couplings are expected to be enhanced comparing to those for lighter 
fermions and therefore precise tests of top-quark interactions could either reveal 
new scalar degrees of freedom or limit possible extensions of the SM Higgs sector. 
Since future high-energy accelerators like NLC/LHC will operate as factories of top 
quarks, a lot of attention has been paid to study their production mechanisms (for 
a review, see [1] and the reference list there). 

Only anomalous ti'y, tiZ and tig couplings have usually been considered in 
those studies, however there is a priori no good reason to assume that the top- 
quark decay is properly described by the SM couplings. Therefore in a series of 
papers (see e.g. [2, 3, 4]) we have performed analysis of top-quark decay products 
assuming the most general couplings both for the production and the decay. 

In Ref. [3] we found that the angular distribution of the final leptons in e + e~ — > 
ti — > £ ± • • • is not sensitive to modification of the SM V— A decay vertex. The same 
conclusion was also reached by Rindani [5] through an independent calculation. We 
usually suffer from too many parameters to be determined while testing top-quark 
couplings in a general model-independent way. Therefore, a distribution insensitive 
to a certain class of non-standard form factors is obviously a big advantage as 
it increases expected precision for the determination of other remaining relevant 
couplings [4] . Furthermore in Ref. [6] we have noticed that this phenomenon appears 
not only in the process e + e~ — > ti — > £ ± • • •, but also in any ti production process. 

There, however, we have limited ourselves to semileptonic SM-like decays t — > 
bW — > blv from ti pair production and used the explicit decay-width formula. 
The aim of this report is to complete full generalization of those preceding works. 
That is, we intend to relax these conditions studying general top-quark productions 
and its decays as model-independently as possible. Eventually we will specify the 
necessary conditions for decoupling of the anomalous top-quark-decay effects in the 
angular distributions of secondary particles from the top-quark decays. 

Let us consider a general top-quark production process 1 + 2 —>£ + •• • followed 
by its decay £—>/ + ••• where / denotes the secondary particle that we are going 



to observe.^ 1 Following our preceding works, we assume y/s to be much higher than 
the threshold energy. Since the ratio of the top-quark width r t to its mass m t is of 
the order of 10~ 2 we can adopt the narrow-width approximation in the open-top 
region. Then one can apply the Kawasaki-Shirafuji-Tsai formula [7] in order to 
determine the / distribution:" 2 

da da . 
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Here dp denotes the Lorentz-invariant phase-space element dpj\ (2ii) 3 2p }, dl '/dpf 
is the spin-averaged top-quark width 

dr dr . 

Bf = r/r t , and da(s t = n)/dp t is the single-top-quark inclusive cross section 

da , , da ^ . 
— (s t = n) = — 1 + 2 -> t + • • • ; s t = n) 
dp t dp t 

with the polarization vector s t being replaced with the so-called "effective polar- 
ization vector" n 
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where the spinor B is defined such that the matrix element for t(s t ) —>/ + ••• is 
expressed as Bu t (pt, s t ), A + = p t + m t , d<§ is the relevant final-state phase-space 
element, and E sp in denotes the appropriate spin summation. 

The angular distribution of / shall be calculated based on eq.(l). Since dr/dp f 
is a Lorentz-invariant quantity depending only on p t and pf, the distribution is a 
function of p t pf alone 

dr/dp f = F(0, (3) 

"■"■Note that we are not limiting ourselves here to the SM-like decays with / = l + ,b which we 
have considered in earlier papers. 

" 2 In the threshold region, this formula might be no longer valid due to large corrections. For 
example, non-factorizable QCD corrections appear at the level of 10 % in ee — > tt — > £^X [8] (see 
also [9] and references therein for studies in the threshold region). 



where £ = ptPf — E t Ef(l — (3 cos 9 t f), f3 = \p t \/E t and we have neglected the mass 
of /. Integrating over pj we find: 

where we used the following constraint on Ef for a fixed £ in the Ef integration: 

' < E f< 7-71^7- (5) 



E t (l + P)- r -E t {l-f3Y 
On the other hand, the / angular distribution is 

Here the polarization- vector n can in general depend on Ef and the integration 
over Ef cannot be performed before explicit calculation of da(s t = n)/dp t . 

However, if the vector n is free from Ef, we can perform the Ef integration 
independently of the production mechanism since da/dp t can depend on Ef only 
through n inserted instead of s t . Let us briefly discuss possible dependence of n on 
Ef. From the definition (2), n is a linear combination of p t and pf : n = ap t + bpf. 
Since np t = we obtain 

n = a J [ pf 1, 7 

K PtPf m t J 

where we have introduced the depolarization factor a* = —am t . We also have the 
following inequality from eq. (2) 

-1 < n 2 < =^ -1 < a f < 1, (8) 

which can be easily proven in the top-quark rest frame via a generalized triangle 
inequality. Since we assumed that / is massless, Ef drops out in Pf/(pt Pf) in eq.(7) 
and the above inequality constrains the Ef dependence of a? . This discussion is 
never a proof that n is always Ef independent, but eq.(8) is a strong constraint 
and it will not be unreasonable to consider an ^-independent n vector. 

Therefore, let us now temporarily assume that n is not a function of Ef. Then 
we can carry out the Ef integration in eq.(6): 

da 
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Since eq.(4) gives 

eventually we obtain 

da 1 r da 1 - (3 2 

dfr f = ^ Bf J dPt df t {St = n) (i-^os%) 2 ' ( 0) 

Note that there are only two possible ways that the structure of the top-quark 
decay vertex could influence the distribution: 

i) through the width dr/dpf, ii) through the effective polarization vector n. 
Therefore we conclude that if the polarization vector n (i.e. a* ) depends neither on 
Ef nor on anomalous top- quark- decay vertices, the angular distribution da/dQf is 
not altered by those anomalous vertices except for possible trivial modification of the 
branching ratio Bf. Furthermore, if we focus on the single standard-decay channel 
t — > bW + — > b£ + U£, even that dependence disappears. This result is never a trivial 
matter since the lepton-energy distribution, e.g., does depend on the anomalous 
decay parameters even when n satisfies the above conditions [2]. 

Let us stress here the difference between this conclusion and those in [3, 6]: If 
we focus only on the decay mode t — > bW + — > b£ + u e , the calculations in [3, 6] can 
of course give the same result. However we cannot say thereby anything on other 
decay modes since we fully used the explicit decay-width formula for that mode 
there to get the results. On the other hand, the present formalism can do. Indeed, 
there could be infinite other decay patterns (although t bW + — > b£ + ue will be the 
leading channel). That is, if we extend the Higgs sector, the top-quark could decay 
via charged Higgs exchange. If we introduce effective four-fermion interactions, 
then it would decay through a contact [tbiv] coupling. Even within the standard 
model, t — * bW — » biv + arbitrary number of photons could occur. The present 
formula is applicable to any of them. This comparison clearly shows that our 
present formalism is the full important generalization of our previous works. 

Finally, we consider the structure of n for the main-decay mode t — > M + u^ 
focusing on / = £ + and b. Within the SM, it was found in Ref.flO] that 

a e+ = 1 and a b = (2M^ - m 2 t )/(2M^ + m\). (11) 



Using the most general covariant tbW coupling 
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where Pl/r = (l=F75)/2 and k is the momentum of W , we have confirmed in [3] that 
a e+ remains unchanged while a b receives corrections proportional to Re(/^). In 
those calculations, all the fermions except t were treated as massless, the narrow- 
width approximation was adopted also for the decaying W, and only the [SM]- 
[non-SM] interference terms were taken into account. Thus, n was indeed Ef- 
independent for those cases within our approximations, and the leptonic angular 
distribution cannot depend on the decay interactions even for the general tbW 
vertex. Since the depolarization factor for / = b was found to be sensitive to non- 
SM interactions already for m b = 0, hereafter we shall focus only on the leptonic 
distribution. 

In the above calculations, we have used the following spinor B, defined below 
eq.(2), for the interaction specified in (12): 
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x v{p t ) ltl P L u{p v ) 5(k 2 - Ml) , (13) 



while the phase-space element d<P needed in (2) is 

d$ = dp b dp u 5 i (p t -pb-pt- Vv)- (14) 

Let us now test the relevance of the approximations so far adopted. First the 
6-quark mass: It is seen from the form of B that if m b = then only f% term 
can interfere with the leading V — A from factor. However, for m b ^ all the 
form factors do contribute. Nevertheless, we have found via explicit analytical 
calculations that the depolarization factor for f = £ + still remains unchanged: 
a i+ = 1 even when m b is not neglected. So, when only interference terms are 
kept, a e+ depends neither on E e + nor on the anomalous couplings regardless what 
bottom-quark mass was employed! On the other hand, however, we have noticed 
that a e+ does receive non-SM corrections of the order of [non-SM] 2 not only when 
eq.(12) is used for the tbW vertex but also when similar anomalous terms were 



introduced into the ivgW vertex. The narrow-width approximation for the decaying 
W was also found to be inevitable for a e+ = 1. That is, if we replace 5(k 2 — M^) 
in eq.(13) by the squared W propagator with a finite width, a e+ does not stay 
unchanged even if only interference terms are kept. 
There are a few remarks here in order: 

• The angular dependence seen in eq.(10) cannot have any dynamical origin 
as we have never specified top-quark interactions. The angular distribution 
dr/dpf entering eq.(l) is isotropic in the top-quark rest frame as top quark 
is unpolarized. Therefore the dependence on 9 t f of the integrand (10) is just 
a remnant of the Lorentz transformation from the top-quark rest frame to 
the LAB frame: 



where dr* /dcosO* is the constant distribution defined in the top-quark rest 
frame. 

• Our derivation of the angular distribution (10) applies to any top-quark pro- 
duction process, including pair and single productions at both e + e" and 
hadronic machines (or 77 collisions enabled by laser-electron/positron back- 
ward scatterings) in the open-top region. For e + e~ collisions the absolute 
value of top-quark momentum is fixed by f3 2 = 1 — 4m 2 /s and eq.(10) re- 
duces to 



which is what we have derived in [6] including beyond-the-SM interactions." 3 
On the other hand, the distribution in the CM frame of hadron-hadron colli- 
sions has some additional factors since the hadron CM frame and the parton 
CM frame are different from each other and they are connected through 
Lorentz transformation. However, any Lorentz boost can never produce 
anomalous-decay-parameter dependence. So, if da/dcos8 in the parton-CM 
frame is free from the non-SM form factors, then the one in the hadron-CM 
' 3 The analogous SM result has been found in Ref.[10, 11]. 
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frame is also free from them. Consequently, our decoupling theorem holds in 
hadron-hadron collisions, too. 

In conclusion, we have investigated the angular distribution of a secondary 
particle / (without concentrating only on / = £ + , b) in processes like 1 + 2 — > t + - • • 
followed by t — > / + • • • neglecting the / mass and applying the narrow-width 
approximation for the decaying top quark. It has been shown that if the effective 
polarization vector n contains neither non-SM top-quark couplings nor Ef (as is 
the case for f = £ + within our approximation) then the whole angular distribution 
of / has no non-SM top-quark-decay contributions. Non-standard corrections can 
enter the leptonic distribution only through modification of n as corrections to the 
narrow-width approximation, rri£ ^ terms or contributions quadratic in non-SM 
vertices. However, if the polarization vector n does contain non-SM contributions 
(as is the case for f = b), then the angular distribution of / receives extra correction 
from the top-quark-decay vertices only through the production cross section of the 
polarized top quark. 

We emphasize that our conclusions concerning the decoupling holds for any 
possible top-quark production mechanism even if the bottom-quark mass is not 
neglected. Therefore unknown top-quark couplings that parameterize the angular 
distribution of / in the case of SM polarization vector (e.g. / = £ + ) are reduced to 
those that influence the production process. Since fewer unknown parameters lead 
to higher precision for their determination, we believe that the angular distribution 
will be useful while testing top-quark couplings at future colliders. 
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